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Our hypothesis: Geometry matters

Networks can be described as geometric objects: Links’ 
existence depends on distances between nodes

in some networks geometry is explicit, power grids, 
airport networks, road networks, etc

in others it is implicit: similarity space. It can be detected analyzing 
the clustering coefficient



1.2. Hidden metric spaces 11

hidden metric space

network topology

Figure 1.3: Illustration of the connection between network topology and hid-
den metric spaces. The blue surface represents an arbitrary metric space on
which several nodes are scattered. The distance among them is given by the
length of the geodesics, or shortest curves, drawn as light dashed lines on the
surface. Connections are established among nearby pairs only, giving rise to re-
sulting topology depicted in the upper layer. Notice that topological triangles
appear naturally as a consequence of the closeness in the hidden metric space.

The first model based on an underlying geometry to be proposed was the S
1

model2 [152]. In this model, every node is assigned two hidden variables, a hid-
den degree and a coordinate on a circle abstracting the simplest geometry for a
similarity space. The connection probability between two nodes then depends
on the ratio between their distance along the circle—their similarity—and the
product of their hidden degrees—their popularities. Therefore, this model re-
sembles a gravity law for connectivity, in the sense that the likelihood for two
nodes to be connected increases with the product of their “masses”, the hidden
degrees, and decreases with the distance among them. This simple model gen-
erates very realistic topologies regardless of the specific form of the connection
probability function, as long as it is a sufficiently fast decaying function of the
aforementioned ratio. Moreover, every node’s degree becomes proportional to
its hidden degree, which confers the model a high level of control over the de-
gree distribution. As we will see when we discuss the mathematical details of
the model, two additional global parameters enable to control the average de-
gree and clustering of the resulting networks as well. It is worth mentioning that

2In fact, it was proposed as a model in arbitrary dimensions, although it has ever since partic-
ularized to its one-dimensional version for simplicity. We explore the general version in detail in
Section 2.6.

Networks from hidden metric spaces

triangle inequality

Clustering is just a byproduct



The cosmological principle 

Complex networks are embedded 
in homogeneous and isotropic 

manifolds



Homogeneous and isotropic spaces

Flat geometries

Positively curved

Negatively curved



Geometric Random Graphs

Distribute points in a plane 
using a Poisson process or 

whatever you like

Connect points that are 
below a critical distance

problems

The generated graphs are 
not small-worlds

Graphs are homogeneous

Not a good model for real 
systems!!
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The problem with small-worlds

Small-world effect It can be rephrased as
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Visualizing the Hyperbolic plane

Minkowski ambient space

Poincare representation

Native representation

Hyperbolic 2D plane

N(r) ⇠ cosh r � 1

t2 = 1 + x2 + y2

length

1



Courtesy of R. Kallosh and A. Linde, 
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Hyperbolic geometry vs. Escher



Poincare vs. Escher

Circle limit IV
(Heaven and Hell)
M. E. Escher



Geometric random graphs in H2
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FIG. 2: Mapping between discs in the Euclidean space R2 and
points in the hyperbolic space H3. The x, y-coordinates of the
disc centers in R2 are the x, y-coordinates of the corresponding
points in H3. The z-coordinates of these points are the radii of
the corresponding discs. This mapping represents the tree-like
hierarchy among the discs. Two points in H3 are connected by
a solid link if one of the corresponding discs is the minimum-
size disc that fully contains the other disc. This hierarchy
is not perfect, and the tree structure is approximate. The
darkest disc in the middle partially overlaps with three other
discs at di�erent levels of the hierarchy. Two points in H3 are
connected by a dashed link if the corresponding discs partially
overlap. These links add cycles to the tree.

bolic.
Fig. 2 illustrates a very general mechanism explaining

why a hyperbolic, tree-like geometry naturally character-
izes the community-based node similarity spaces underly-
ing complex networks. In this illustration, communities,
i.e., abstract sets of nodes, are represented by the Eu-
clidean discs in R2. Each disc in R2 is mapped to a point
in the Poincaré half-space model of the 3-dimensional hy-
perbolic space H3. Colloquially, two discs are similar if
their overlap is approximately equal to each disc, i.e., if
their radii are similar and centers are close in R2. But
the shown mapping has the property that if two discs in
R2 are similar, then the two points representing them in
H3 are hyperbolically close, and vice versa. Formally, if
the ratio of the discs’ radii r, r⇥ is bounded by a constant
C, 1/C � r/r⇥ � C, and the Euclidean distance between
their centers is bounded by Cr, then one can show [10]
that the hyperbolic distance between the corresponding
points in H3 is bounded by some constant C ⇥, which de-
pends only on C, and not on the disc radii or center lo-
cations. The converse is also true. Therefore, similarity
distances between sets and hyperbolic distances between
their one-point representations are congruent measures.

We now put these intuitive considerations to qualita-
tive grounds. We want to see what network topologies
emerge in the simplest possible settings involving hidden
hyperbolic metric spaces. Specifically, let us form a net-
work of N ⌅ 1 nodes located in the simplest hyperbolic

space of curvature �1, i.e., the hyperbolic plane. Since
the number of nodes is finite, the area that nodes occupy
is bounded. Let it be a disc of radius R ⌅ 1. The sim-
plest node distribution within the disc is uniform, mean-
ing that the node density ⌅(r) at distance r from the disc
center is

⌅(r) =
sinh r

cosh R � 1
⇤ er�R ⇥ er. (1)

Next, we have to specify the connection probability p(x),
which is the probability that two nodes at hyperbolic
distance x are connected. The only requirement to this
function is that it must be integrable [11]. We first con-
sider the simplest case, the step function

p(x) = �(R � x), (2)

and justify this choice later. This p(x) connects each pair
of nodes if the distance between them is not larger than
R.

At this point we have a network formed, and we can
compute the average degree k(r) of nodes at distance r
from the disc center. Such nodes are connected to all
nodes in the intersection area of the two discs of the
same radius R, one in which all nodes reside, and the
other centered at distance r from the center of the first
disc:
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Since the node distribution is uniform, k(r) is propor-
tional to the area of this intersection. In Euclidean ge-
ometry this area is given by a trivial expression. In hy-
perbolic geometry the analogous expression is far from
trivial. We have computed it, it matches perfectly the
simulations, but it is rather long, so that we omit it here
for brevity. What matters is that k(r) decreases expo-
nentially, k(r) ⇥ e�r/2. Therefore, the inverse function
is logarithmic, r(k) ⇥ �2 ln k, and the node degree dis-
tribution in the network is approximately a power law,

P (k) ⇤ ⌅[r(k)] |r⇥(k)| ⇥ k�3. (3)

We can generalize the node density in Eq. (1):

⌅(r) ⇤ �e�(r�R) ⇥ e�r, � > 0. (4)

In this case we cannot compute k(r) exactly, but the
approximate expression reads
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FIG. 2: Mapping between discs in the Euclidean space R2 and
points in the hyperbolic space H3. The x, y-coordinates of the
disc centers in R2 are the x, y-coordinates of the corresponding
points in H3. The z-coordinates of these points are the radii of
the corresponding discs. This mapping represents the tree-like
hierarchy among the discs. Two points in H3 are connected by
a solid link if one of the corresponding discs is the minimum-
size disc that fully contains the other disc. This hierarchy
is not perfect, and the tree structure is approximate. The
darkest disc in the middle partially overlaps with three other
discs at di�erent levels of the hierarchy. Two points in H3 are
connected by a dashed link if the corresponding discs partially
overlap. These links add cycles to the tree.

bolic.
Fig. 2 illustrates a very general mechanism explaining

why a hyperbolic, tree-like geometry naturally character-
izes the community-based node similarity spaces underly-
ing complex networks. In this illustration, communities,
i.e., abstract sets of nodes, are represented by the Eu-
clidean discs in R2. Each disc in R2 is mapped to a point
in the Poincaré half-space model of the 3-dimensional hy-
perbolic space H3. Colloquially, two discs are similar if
their overlap is approximately equal to each disc, i.e., if
their radii are similar and centers are close in R2. But
the shown mapping has the property that if two discs in
R2 are similar, then the two points representing them in
H3 are hyperbolically close, and vice versa. Formally, if
the ratio of the discs’ radii r, r⇥ is bounded by a constant
C, 1/C � r/r⇥ � C, and the Euclidean distance between
their centers is bounded by Cr, then one can show [10]
that the hyperbolic distance between the corresponding
points in H3 is bounded by some constant C ⇥, which de-
pends only on C, and not on the disc radii or center lo-
cations. The converse is also true. Therefore, similarity
distances between sets and hyperbolic distances between
their one-point representations are congruent measures.

We now put these intuitive considerations to qualita-
tive grounds. We want to see what network topologies
emerge in the simplest possible settings involving hidden
hyperbolic metric spaces. Specifically, let us form a net-
work of N ⌅ 1 nodes located in the simplest hyperbolic

space of curvature �1, i.e., the hyperbolic plane. Since
the number of nodes is finite, the area that nodes occupy
is bounded. Let it be a disc of radius R ⌅ 1. The sim-
plest node distribution within the disc is uniform, mean-
ing that the node density ⌅(r) at distance r from the disc
center is

⌅(r) =
sinh r

cosh R � 1
⇤ er�R ⇥ er. (1)

Next, we have to specify the connection probability p(x),
which is the probability that two nodes at hyperbolic
distance x are connected. The only requirement to this
function is that it must be integrable [11]. We first con-
sider the simplest case, the step function

p(x) = �(R � x), (2)

and justify this choice later. This p(x) connects each pair
of nodes if the distance between them is not larger than
R.

At this point we have a network formed, and we can
compute the average degree k(r) of nodes at distance r
from the disc center. Such nodes are connected to all
nodes in the intersection area of the two discs of the
same radius R, one in which all nodes reside, and the
other centered at distance r from the center of the first
disc:
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Since the node distribution is uniform, k(r) is propor-
tional to the area of this intersection. In Euclidean ge-
ometry this area is given by a trivial expression. In hy-
perbolic geometry the analogous expression is far from
trivial. We have computed it, it matches perfectly the
simulations, but it is rather long, so that we omit it here
for brevity. What matters is that k(r) decreases expo-
nentially, k(r) ⇥ e�r/2. Therefore, the inverse function
is logarithmic, r(k) ⇥ �2 ln k, and the node degree dis-
tribution in the network is approximately a power law,

P (k) ⇤ ⌅[r(k)] |r⇥(k)| ⇥ k�3. (3)

We can generalize the node density in Eq. (1):
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connection probability

Scale-free, small-world, and 
highly clustered networks!!!

Hyperbolic geometry of complex networks
D. Krioukov, F. Papadopoulos, M. Kitsak, A. Vahdat, and M. Boguñá 
Phys. Rev. E 82, 036106 (2010)



How hyperbolic geometry emerges?  
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Hyperbolic maps of complex networks can be used to
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Navigating the Internet

Navigate the Internet without a global knowledge of the network topology

Sustaining the Internet with hyperbolic mapping
M. Boguñá, F. Papadopoulos, and D. Krioukov 
Nature Communications 1, 62 (2011) 














